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Straley Model of Biaxial Nematics Extended

A. KAPANOWSKI

Marian Smoluchowski Institute of Physics, Jagiellonian University,
Kraków, Poland

In 1974 Straley [Phys. Rev. A 10, 1881 (1974)] presented the mean-field model of
interacting particles similar to hard rectangular blocks. The orientation-dependent
potential was built from the four basic functions composed from the standard
rotation matrix elements with j¼ 2. As there is only one basic function composed
from the standard rotation matrix elements with j¼ 3, it is interesting to find out
whether it has any influence on the known phase diagrams. We show that the
j¼ 3 term can enlarge the biaxial nematic phase range. The article also discusses
an extension of the Romano model mimicking shape amphiphilicity [Phys. Lett.
A 333, 110 (2004)]. It is showed that the j¼ 3 interaction term can create the tetra-
hedral phase with the second order transition to the isotropic phase. What is more,
the first order transition from the biaxial nematic phase to the isotropic phase or to
the tetrahedral phase is predicted. Finally, the possible presence of the j¼ 3 term in
other theories is discussed.

Keywords Biaxial nematics; symmetry adapted; tetrahedral symmetry

1. Introduction

Statistical theories of uniaxial nematic liquid crystals span between two opposite ideas.
The first idea started from the paper by Onsager [1], where the nematic ordering was
found by assuming that molecules can be represented as elongated hard cylinders only
acting by excluded volume. The second idea is Maier and Saupe’s mean-field descrip-
tion of liquid crystals [2], where the most important are anisotropic long-range, attract-
ive interactions. A similar model for biaxial molecules was proposed by Straley in 1974
[3]. In thismodel the orientation-dependent potential was built from the four basic func-
tions compatible with the D2h symmetry. The phase diagram with four phases was pre-
dicted: the isotropic phase I, the prolate uniaxial nematic phaseNUþ, the oblate uniaxial
nematic phase NU�, and the biaxial nematic phase NB. The predicted phase transitions
were first order (NU – I) or second order (NB – NU, NB – I).

The Straley predictions were considered to be universal for many years because
they were confirmed by the excluded volume models and computer simulations also
in rod-plate mixtures [4–8]. However, it was realized [9] that the Straley potential could
lead to a different phase diagram: it shows the onset of two tricritical points [10,11].
This eventually resulted to be the most general picture as it includes the one with a
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single Landau point as a special case [12]. The existence of the critical point was con-
firmed by both a Monte Carlo simulations [13] and an experimental study [14]. Similar
or even more complex phase diagrams were obtained recently using the Landau-de
Gennes theory [15]. In 2004 Romano [16] used a simplified Straley model to describe
mesogens containing both rod-like and disc-like parts covalently bonded together.
The model has an extreme biaxial mesogenic form and we will analyze its extension.

The Straley model is based on the symmetry-adapted functions built from the
standard rotation matrix elements with j¼ 2. Many authors limit theirs considera-
tions to the j¼ 2 subspace because it is the smallest subspace that accommodates
isotropic, uniaxial, and biaxial phases [17]. But there is the infinite set of functions
with greater j that also satisfy the same symmetry conditions [4,18]. There is only
one function in the j¼ 3 family and it is interesting to find out whether it has any
influence on the known phase diagrams. On the other hand, we would like to check
the presence of the j¼ 3 term in other theories.

This paper is organized as follows. In Section 2 the symmetry-adapted functions
for the description of the biaxial nematic phase are defined. The Straley model of
biaxial nematics and its extension is described in Section 3. Section 4 contains an
extension of the Romano model mimicking shape amphiphilicity. In Sections 5
and 6 we discuss the presence of the j¼ 3 term in hard particle fluids and in the stat-
istical theory with Corner interactions, respectively. In Section 7 we summarize the
conclusions of our paper.

2. Invariants and Order Parameters

The orientation of a biaxial object can be specified by the three Euler angles R¼ (u,
W, w) or by the three orthonormal vectors ð~ll; ~mm;~nnÞ. The distribution of orientations
can be described by a distribution function f(R), where

Z
dR f ðRÞ ¼

Z
dudW sin Wdw f ðu; W;wÞ ¼ 1:

The ensemble average of any function A(R) can be calculated as

Ah i ¼
Z

dR f ðRÞAðRÞ:

In the case of the biaxial molecules the distribution function f(R) can be expanded in
a complete basis set of real functions F

ðjÞ
ln ðRÞ spanning the relevant orientational

space. The functions F
ðjÞ
ln ðRÞ are defined in Ref. [18] and here we give only basic rela-

tions. The coefficients l and n are always even, the functions D
ðjÞ
lnðRÞ are standard

rotation matrix elements [19]. If j is even, then 0� l, n� j,

F
ðjÞ
00 ðRÞ ¼ D

ðjÞ
00ðRÞ;

F
ðjÞ
0n ðRÞ ¼

1ffiffiffi
2

p ½DðjÞ
0n ðRÞ þD

ðjÞ
0�nðRÞ�;

F
ðjÞ
l0 ðRÞ ¼

1ffiffiffi
2

p ½DðjÞ
l0ðRÞ þD

ðjÞ
�l0ðRÞ�;
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F ðjÞ
ln ðRÞ ¼

1

2
½DðjÞ

lnðRÞ þDðjÞ
l�nðRÞ þDðjÞ

�lnðRÞ þDðjÞ
�l�nðRÞ�:

If j is odd, then 2� l, n� j,

F ðjÞ
ln ðRÞ ¼

1

2
½DðjÞ

lnðRÞ �DðjÞ
l�nðRÞ �DðjÞ

�lnðRÞ þDðjÞ
�l�nðRÞ�:

Here is a list of the first five F
ðjÞ
ln ðRÞ functions:

F
ð2Þ
00 ðRÞ ¼

1

2
ð3 cos2 W� 1Þ;

F
ð2Þ
02 ðRÞ ¼

ffiffiffi
3

p

2
sin2 W cosð2wÞ;

F
ð2Þ
20 ðRÞ ¼

ffiffiffi
3

p

2
sin2 W cosð2uÞ;

F
ð2Þ
22 ðRÞ ¼

1

2
ð1þ cos2 WÞ cosð2uÞ cosð2wÞ � cos W sinð2uÞ sinð2wÞ;

F
ð3Þ
22 ðRÞ ¼ � 1

2
cos Wð3 cos2 W� 1Þ sinð2uÞ sinð2wÞ þ ð2 cos2 W� 1Þ cosð2uÞ cosð2wÞ:

The hF ð2Þ
00 i order parameter is a measure of the alignment of the n!molecule axis along

the Z axis of the reference frame. The hF ð2Þ
02 i order parameter describes the relative dis-

tribution of the l
!

and the m!axes along theZaxis. Both hF ð2Þ
00 i and hF

ð2Þ
02 i canbenonzero

in the uniaxial nematic phase. The hF ð2Þ
20 i order parameter describes the relative

distribution of the n! axis along the X and the Y axes. The hF ð2Þ
22 i order parameter is

related to the distribution of the l
!

axis along the X axis and the distribution of the
m! axis along the Y axis. We note that the functions with j odd are sometimes missing
in the expansions found in the literature [4]. On the other hand, there is a wealth of
notations introduced in the past to denote orientational order parameters for biaxial
nematics [20].

3. Straley Model

The potential energy of interactions in the Straley model can be written in a general
form

VðR1;R2Þ ¼
X
j

X
ln

vðjÞlnF
ðjÞ
ln ðR�1

2 R1Þ;

where the coefficients v
ð0Þ
00 , v

ð2Þ
00 , v

ð2Þ
02 ¼ v

ð2Þ
20 , and v

ð2Þ
22 are nonzero in the original paper

[3]. In the extended Straley model we will add the additional v
ð3Þ
22 term. The state of

the system is described by order parameters hF ðjÞ
ln i. It is assumed that a given particle

is subject to a mean field of the form

WðRÞ ¼
X
j

X
ln

wðjÞ
lnF

ðjÞ
ln ðRÞ:
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The distribution function is found from the Boltzmann distribution

f ðRÞ ¼ exp �bWðRÞ½ �=Z;

where Z is determined from the normalization of f(R),

Z ¼
Z

dR exp �bWðRÞ½ �:

The coefficients of W are determined from the self-consistency condition

WðR1Þ ¼
Z

dR2 f ðR2ÞVðR1;R2Þ;

and the set of equations is

wðjÞ
ln ¼

X
q

vðjÞqnhF ðjÞ
lq i:

In fact, the products bvðjÞln are important because the distribution function of the system
depends on bwðjÞ

ln . The free energy of an equilibrium phase can be calculated as F¼U�
TS, where the internal energy U and the entropy S of the system are the following

U ¼ N

2

Z
dR1dR2f ðR1Þf ðR2ÞVðR1;R2Þ;

S ¼ �kBN

Z
dR f ðRÞ ln f ðRÞ:

Note thatT is the temperature, kB is theBoltzmann constant, and 1=b¼ kBT. In his paper,
Straley expressed the coefficients v

ð2Þ
ln by means of B, W, and L, which stand for breadth,

width, and length of the platelets, respectively.He computed the excluded volumeof a pair
of platelets in some special relative orientations and then he made interpolation.

There is an interesting dual transformation between rod-like and disk-like systems
in the model. If we exchange (L, B, W) with (L0, B0, W0)¼ (W, LW=B, L), then v

0ð2Þ
ln ¼

ðLW=B2Þvð2Þln . The rod-like system (B <
ffiffiffiffiffiffiffiffiffi
LW

p
) may be transformed to the disk-like

system (
ffiffiffiffiffiffiffiffiffi
LW

p
< B). The most biaxial object has LW¼B2 (self-dual point) and then

there is the direct secondorder transition from the isotropic to the biaxial nematic phase.
Figure 1 is a phase diagram showing how the temperature at which the phase tran-

sition occurs depends on B for fixed L¼ 9 and W¼ 1. The tendency for the transition
temperature to increase with B is due to the fact that the blocks are physically larger.

Figure 2 is a phase diagram for the extended Straley model, where v
ð3Þ
22 ¼ v

ð2Þ
22 and

the dependence of v
ð2Þ
ln on (L, B, W) is unchanged. The line of the first order I – NU

transition is almost the same, but the area of the biaxial nematic phase is wider.
We note that the coefficient v

ð3Þ
22 can not be obtained by means of the excluded

volume method in the case of the platelets. The v
ð3Þ
22 term is the lowest order term in

the excluded volume of tetrahedral molecules [21]. Thus, the extended Straley model
with v

ð3Þ
22 ¼ v

ð2Þ
22 describes slightly deformed biaxial molecules.
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Figure 1. Phase diagram for blocks of varying breadth in the Straley model. The solid line
marks the first-order transition and the dashed line represents the second-order transition.
For the case L¼ 9, W¼ 1, and variable B, the direct second order transition from the isotropic
to the biaxial nematic phase takes place for B¼ 3. The phases for B> 3 are related to the
phases B< 3 by the dual transformation. The temperature T is in energy units.

Figure 2. Phase diagram for the extended Straley model, where v
ð3Þ
22 ¼ v

ð2Þ
22 and the dependence

of v
ð2Þ
ln on (L, B, W) is like in the original Straley model. The solid line marks the first-order

transition and the dashed line represents the second-order transition. For the case L¼ 9,
W¼ 1, and variable B, the line of the first order I – NU transition is almost the same, but
the area of the biaxial nematic phase is wider. The temperature T is in energy units.
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4. Romano Model

In 2003 Sonnet, Virga, and Durand [9] proposed a mean-field model to describe the uni-
axial and biaxial phases of mesogenic molecules presenting a shape dispersion of their
biaxial dielectric susceptibility. The analyzed orientational interaction energyhas the form

VðR1;R2Þ ¼ v
ð2Þ
00 F

ð2Þ
00 ðR�1

2 R1Þ þ v
ð2Þ
22 F

ð2Þ
22 ðR�1

2 R1Þ;

where v
ð2Þ
00 < 0 and v

ð2Þ
22 < 0. The same model with v

ð2Þ
00 ¼ 0 was used by Romano [16] to

describe mesogens with shape amphiphilicity. A mean-field analysis predicted the exist-
ence of a direct second-order transition between biaxial and isotropic phases. The predic-
tions were qualitatively confirmed by Monte Carlo simulations.

We would like to extend the Romano potential to the form

VðR1;R2Þ ¼ v
ð2Þ
22 F

ð2Þ
22 ðR

�1
2 R1Þ þ v

ð3Þ
22 F

ð3Þ
22 ðR

�1
2 R1Þ;

where both terms are biaxial (D2h symmetry). A mean-field calculations are similar
to the case of the Straley model. A phase diagram for the extended Romano model is
plotted in Figure 3.

Three phases are present: isotropic ðhF ðjÞ
ln i ¼ 0Þ), biaxial nematic (nonzero hF ð2Þ

00 i,
hF ð2Þ

22 i, hF
ð3Þ
22 i), and tetrahedral nematic ðhF ð2Þ

ln i ¼ 0Þ, nonzero hF ð3Þ
22 i). Two critical

points C1 and C2 are predicted. C1 is a tricritical point where the transition changes
from second-order to first-order. C2 is a point where three phases coexist in equilib-
rium: isotropic, biaxial nematic, and tetrahedral nematic.

Figure 3. Phase diagram for the extended Romano model. The solid line marks the first-order
transition and the dashed line represents the second-order transition. Three phases are present:
isotropic, biaxial nematic, and tetrahedral. The C1 and C2 denote the tricritical and critical
point, respectively. For a given physical system on decreasing the temperature we are moving
from the centre (0, 0) to the edge of the figure.
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It was shown recently [21] that F
ð3Þ
22 is the lowest order function compatible with

the tetrahedral symmetry Td. Next is the following combination

F
ð4Þ
00 þ

ffiffiffiffiffiffiffiffi
5=7

p
ðF ð4Þ

04 þ F
ð4Þ
40 Þ þ ð5=7ÞF ð4Þ

44 :

Our calculations confirmed that in the tetrahedral phase

hF ð4Þ
00 i ¼

ffiffiffiffiffiffiffiffi
7=5

p
hF ð4Þ

04 i ¼
ffiffiffiffiffiffiffiffi
7=5

p
hF ð4Þ

40 i ¼ ð7=5ÞhF ð4Þ
44 i:

Figure 4 shows the temperature dependence of the order parameters in the
case v

ð3Þ
22 ¼ 3v

ð2Þ
22 . On decreasing temperature we meet the second-order transition

to the tetrahedral phase and the first-order transition to the biaxial nematic phase.

5. Hard Particle Fluids

The (biaxial) spheroplatelet studied by Mulder [22,4] is a natural generalization of
the (uniaxial) spherocylinder. It can be described as a rectangular block with dimen-
sions 2a� b� c, caped with quarter spheres of radius a and half-cylinders with radius
a and lengths b and c such as to produce a piece-wise smooth convex body. It was
the first non-axially symmetric convex body for which the pair-excluded volume
V(R1, R2) at fixed relative orientations was known in closed form.

The excluded volume V(R1, R2), which plays the role of effective interaction, can
be expanded in the series of the form

VðR1;R2Þ ¼
X
j

X
ln

vðjÞlnF
ðjÞ
ln ðR�1

2 R1Þ:

Figure 4. Temperature dependence of the order parameters in the extended Romano model
for v

ð3Þ
22 ¼ 3v

ð2Þ
22 . On decreasing the temperature T, there is the second-order transition from

the isotropic to the tetrahedral phase (nonzero
�
F

ð3Þ
22

�
only). Next, there is the first-order tran-

sition to the biaxial nematic phase. T is the dimensionless temperature.
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It appeared, that the v
ð3Þ
22 term is zero in the presented hard molecules model. In 2005

Mulder [23] computed the excluded volume for an important class of convex bodies,
the spherozonotopes. By applying Mulder’s results, Rosso and Virga [17] computed the
quadrupolar projection (v

ð2Þ
ln terms) of the excluded volume between two spherocuboids.

We checked that the v
ð3Þ
22 term is not present also for the case of spherocuboids.

6. Statistical Theory with the Corner Potential Energy

The Corner potential energy [24] has the form U12(u=r), where u is the distance
between molecules ( u!¼ uD

!
) and r depends on the molecule orientation R1 and

R2, and on the vector D
!
. The functional dependence of the potential energy on u=

r can be the square well, the Lennard-Jones m-n, or some other functions. For r
it is possible to write the general expansion proposed by Blum and Torruella [25]
which is evidently invariant under rotations and translations. In the case of the
achiral biaxial molecules the lowest order terms of the expansion are

r ¼ r0 þ r1 D
!� n1!

� �2

þ D
!� n2!

� �2
� �

þ r2 n1
!� n2!
� 	2þ r3 D

!� l1
!� �2

þ D
!� l2

!� �2
� �

þ r4 l1
!� l2

!� �2

þ r5 l1
!� n2!

� �2

þ l2
!� n1!

� �2
� �

:

In the statistical theory of biaxial nematics [26] the following kernel is defined

KðR1;R2Þ ¼
Z

d D
!

r=r0ð Þ3 ¼
X
j

X
ln

K ðjÞ
lnF

ðjÞ
ln ðR�1

2 R1Þ:

We note that �bvðjÞln from the Mulder model corresponds to kK ðjÞ
ln from the Corner

model, where k depends on the density, r0, and on the function U12. The nematic
phase is present only if k< 0. The K

ð3Þ
22 term is present if any of the following expres-

sions is nonzero: r5, r2r4, r1r4, r2r3. The nonzero K
ð3Þ
22 term implies the presence of

the nonzero K
ð2Þ
22 term but the inverse of it is not true. In typical calculations the K

ð3Þ
22

term is one order of magnitude smaller than K
ð2Þ
22 term.

7. Conclusions

In this paper, we showed that theF
ð3Þ
22 term can increase the uniaxial-biaxial nematic tran-

sition in the case of the Straleymodel. In the case of theRomanomodel the j¼ 3 term can
change the isotropic-biaxial nematic transition type from second-order to first-order. A
tetrahedral nematic phase can also appear with the second-order transition to the iso-
tropic phase. According to Lubensky and Radzihovsky [28] thermal fluctuations should
drive the transition first-order. On decreasing the temperature, the first-order transition
from the tetrahedral nematic to the biaxial nematic phase is predicted.

We checked that the considered j¼ 3 term is not present in the excluded volume
potential for spheroplatelets and spherocuboids. It seems that it can be true also for
other hard convex biaxial particles. On the other hand, the j¼ 3 term appears
naturally in a statistical theory with the Corner potential energy.

The functions F
ðjÞ
ln were introduced in the context of the biaxial nematic phase

with the D2h symmetry but it was necessary to use only the D2 symmetry in the
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calculations [18]. As D2 is a subgroup of T symmetry group, some F
ðjÞ
ln functions (or

linear combinations) are compatible with T symmetry. The problem is that D2h is not
a subgroup of Td but the functions F

ðjÞ
ln work well in both cases. It seems that

implementation of the inversion is not properly understood in the literature [27].
At the end we would like to add that the order parameter F

ð3Þ
22 should be calcu-

lated in computer experiments in order to get better phase description, especially
when the tetrahedral phase can occur.
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